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Rates of Change

Learning objectives:

i) Todefinethe average rate of change of a function
over an interval and to understand the concept of

instantaneousrate of change at a point.

Average speed:
First, we consider a familiar concept.

The average speed of a moving body over a time interval is
the distance covered during the time interval divided by the
length of the interval.

Examplel:

A rock falls from the top of a 50 m cliff.

Physical experiments show that a solid object dropped from
the rest to fall freely near the surface of the earth will fall

y=5t"m
during the first t sec.

i) Findthe average speed:
a. Duringthe first 2 sec of fall.
b. During the 1-sec interval between second 1 and
second 2.
ii) Findthe speed of therockatt=1andt= 2 sec.

Solution:

The average speed of the rock during a given time interval is
the change in distance Ay, divided by the length of the time
interval At.

i) Theaverage speed

Ay 5x2°-5x0°

a) Forthe first 2 sec: =10m/ sec
At 2—-0
b) From second 1 to second 2:
dy 5x2°-5x1°
LA 5 —15m / sec

At |



ii) We can calculate the average speed of the rock over a
timeinterval [t,,t, +h] havinglength At =h as
Ay 5(t,+h) -5t
At h

We cannot use this formula to calculate the “instantaneous”
speed at t; by substituting h =0, because we cannot divide by
0. But we can use it to calculate average speeds over
increasingly short time intervals startingatt, =1 and £, = 2.

Length of Average speed over Average speed over
timeinterval interval of length h interval of length h
h startingatt; =1 startingatt; =2

0.1 10.5 20.5

0.01 10.05 20.05

0.001 10.005 20.005

0.0001 10.0005 20.0005

! } }

0 10 20

The average speed on intervals starting at t; = 1 seems to
approach a limitingvalue of 10 as the length of the interval
decreases. This suggests that the rock is fallingat a speed of
10 m/sec at t; = 1 sec. Similarly, the rock’s speed at t; = 2 sec

would appearto be 20 m/sec.



Average rate of change of a function:

Now, we introduce the concept of the average rate of
change of a function.Given a function y = f(x), we calculate

the average rate of change of y with respect to x over the
interval [x,,x,]by dividing the change in value of y,

Ay =f(x,) —f(x,), by the length of the interval

Ax =x, —x, =h over which the change occurred.

The average rate of change of y = f(x) with respect to x over

theinterval [x,,x,] is

Ay  flx,)—f(x;) flx, +h)—f(x,)
Ax X, —X; - h

,h=0

As seen from the figure below, the average rate of change of
fover [x,,x,]is the slope of the line through the points

P(x,,f(x,))and Q(x,,f(x,))
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A secant to the graph
3 fix). Its slope is Ay/Ax, the
average rate of change of f over the

interval [x;, x2].

In geometry, a line joining two points of a curve is called a
secant to the curve. Thus, the average rate of change of f

from x; to x5 isidentical with the slope of the secant PQ.



Example 2:

The figure below shows the growth of a population offlies in
a 50-day experiment. The number of flies was counted at
regularintervals, the counted values plotted with respect to

time, and the points joined by a smooth curve.

(a)Findthe average growth rate from day 23 to day 45.
(b)How fast was the number of flies growing on day 23 itself?
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Solution

(a) There were 150 flies on day 23 and 340 flies on day
45. Thus the number of flies increased by
340-150 =190 in 45— 23 =22 days. The average rate
of change of the population p from day 23 to day 45

was
Average rate of change:
Ap 340-150 190
At 45-23 22

= 8.6 flies [ day

Thisaverage is the slope of the secant through the
pointsP and Q on the graph.

(b) The average rate of change from day 23 to day 45,
8.6 flies/day, does not tell us how fast the population
was changing on day 23 itself. For that we need to

examine time intervals closer to the day in question.

We examine the average rates of change over increasingly
short time intervals starting at day 23. In geometric terms,
we find these rates by calculating the slopes of secants from
P to Q for a sequence of points Q approaching P along the

curve.
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The table below gives the positionsof Q and slopes of four

secants through the point P on the graph.
Q Slope of PQ = Ap/At
(flies/day)

(45,340)  340-10 ¢
45-23

(40,330 22D

(35,310) 310-10 .54
35-23

(30,265) 23?;—1530 «16.4

e

Thevaluesinthe table show thatthe secant slopes rise from
8.6 to 16.4 as the t-coordinate of Q decreases from 45 to 30,
and we would expect the slopes to continuerise higheras t
continued on toward 23. Geometrically, the secants rotate
aboutP and seem to approachthe line PA in the figure, a line
that goes through P in the same direction that the curve goes
through P. Thislineis called the tangent to the curve at P.
Since this line passes through the points (14,0) and (35,350),
ithas slope

350-0
35-14

= 16.7 flies / day

Onday 23 the population wasincreasing at a rate of about
16.7 flies/day.

The rate at which the rock in Example 1 was falling at instants
t=1and t=2 andthe rate at which the populationin
Example 2 was changingon day t = 23 are called
instantaneousrates of change. As the examples suggest, we
find instantaneousrates as limiting values of average rates. In
Example 2, we also pictured the tangent line to the
population curve on day 23 as a limiting position of secant

lines.



Pl:
Find the average rate of change of the function over the

given interval
f(x) = x3+1; [-1, 1]



Solution:
Given, f(x) =x3+1,x € [-1, 1]
Now f(1) =2, f(—-1) =0

Average rate of change over [—1, 1]

T@) =) fA)—-f1) 2-0 1
gm0 ==} 202




P2:

Find the average rate of change of the function over the

given interval

f(t) =cott;t€ E‘%”]



Solution:

Given,f (t) = cott,t €
T\ T
f(l)_mtat_l’

(311')_ t3ﬂ'_ i
I 1 =00 -

Average rate of change

[:rr 3T

fe) —fe)

1)

L, — 14

31

4




P3:

The profits of a small company for each of the first five years
of its operation are given in the following table:

Year Profitin Rs. 100ﬁ
1990 6
1991 27
1992 62
1993 111
1994 174

Whatis the average rate of increase of the profit between
1992 and 19947



Solution:
Profitin 1994 =174

Profitin 1992 = 62

. . 174-62
Average rate of increase of the profits = — 56

The average rate of increase of the profits from 1992 to 1994
Is Rs56,000.



P4.
The accompanyingfigure shows the plot of distance fallen
versus time for an object that fell from the lunarlanding

module a distance 80m to the surface of the moon.
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Estimate the slopes of the secant P, ?



Solution:

Given, P(10,80), 0, (5,20)

_ ¥>—yy 8020 E .
Slope of the secant P(); = T T 12




IP1;

Find the average rate of change of the function over the
given interval

R =+/460 + 1; [0, 2]

Solution:

Stepl:
Given, R(0) =46 + 1;6 € [0, 2]
Step 2:
Now R(2) = 3,R(0) =1
Step3:
We have
R(2)-R(0) _ 3-1

2
Average rate of change = = . = —|
2—0 2-0 2




IP2:

Find the average rate of change of the function over the
given interval

f(t) =tant; t € [“ 3“]

Solution:
Stepl:

Given,f(t) = tant,t € [n 3“]

Step3:
Averagerate of change

fe-rey - _—1-1_ -

ts—1t; 3T w —— B

' 7



IP3:

The profits of a small company for each of the first five years
of its operation are given in the followingtable:

Year Profitin Rs. 1000
1990 6
1991 27
1992 62
1993 111
1994 174

What is the average rate of increase of the profits between
1990 and 1993?

Ans:
Stepl:
Profitin 1993 = 111

Profitin 1990 = 6

Step2:
Average rate of increase of the profits =11;_6 == 125 —ah 5
Step3:

The average rate of increase of the profits from 1993 to 1990
is Rs55500.



IP4:
The accompanyingfigure shows the plot of distance fallen
versus time for an object that fell from the lunarlanding

module a distance 80m to the surface of the moon.

80 #pP
_ Cuf
E @ [ 4
=] =
A A
2 40 QL /
o
5 AP
g % i
a -
— = [
0 5 10

Elapsed time (sec)

Estimate the slopes of the secant P(,?
Ans:

Stepl:

Given, P(10,80), Q,(7,40)

Step2:

- 80—40 40
Slope of the secant PQ, = 222 = = s JE 90




1) Find the average rates of change of the function over the

given intervals

1.1) f(x)=x"+1 [2,3]

1.2) glx)=x’ [-1,1],[-2,0]
P | P | A

1.3) h(t) = cott [E,E]

1.4) g(t)=2+cost [—m, ], [0, ]



2) Find the average rates of change of the function over the

given intervals

21) ) =+lx ;2 20.11,2],[1.1.51. [1.1+H]

22) ft)==;t=0,[23][2T]

C
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Concept of Limit

Learning objectives

i) To understand the concept of the limit of a function
through examples and to give an informal definition
of the limit of a function
And

ii) To practice related problems.

The concept of limit of a function is one of the fundamental
ideasthat distinguishes calculus from algebra and

trigonometry. First, we develop the limit intuitivelyand then
formally.

First we look at an example:

e |

How does the functionf(x) = :
x —

behave near x=17

The given function f is defined for all real numbers x except
x =1 (since we cannot divide by zero). Forany x # 1 we can
simplify the function by factoring the numerator and
cancellingthe common factors:

(x —1)(x +1)
%1

f(x) = =x+1 forx=1
The graph of f is thus the liney = x + 1 with one point (1,2)

removed. This removed pointis shown as a “hole” in the
figure.



- £ 0 1

The graph of f is identical with the line y = x + 1 except at x = 1where f is not
defined.
Even though f(1) is not defined, it is clear that we can make

the value of f(x) as close as we want to 2 by choosing x close

enough to 1.(see the followingtable)

Values of x x°—1

Below and above 1 i~ x—1 Sl Lo
0.9 1.9

1.1 2.1

0.99 1.99

1.01 2.01

0.999 1.999

1.001 2.001

0.993999 1.8899399

1.000001 2.000001

We notice that the closer x gets to 1, the closer f(x) seems

to get 2.

We say that f(x) approaches arbitrarily close to 2 as x
approaches1, or, more simply, f(x) approaches the limit 2 as
x approaches 1. We write this as

e |
==

limf(x)=2 or lim
x—1 -1 x—1



Definition

Let f(x) be defined on an open interval about x,, except
possibly at x itself. If there exists a real number L and f(x)
gets arbitrarily close to L for all x sufficiently close to x, then
we say that fapproaches the limit L as x approaches x,, and

we write

lim f(x) =L

The definition says that the values of f(x) are close to L

wherever x close to x; on either side of x.(either from right

or from left of x)

This definitionis “informal” because phrases like arbitrarily
close and sufficiently close are imprecise. A formal definition

will be given later.

The existence of a limit as x — x; does not depend on how

the function may be defined at x;.

\.\_

P L, ! - -
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E 1
x=1

-1

)y hixy=x+ 1
=1

(a) fix) = (b) gix) =1

| 1. =1

A)The function fin the figure above haslimit2asx — 1
even though fis not defined at x = 1.

B) The function g haslimit 2as x — 1 even though 2 #
g(1).

C) The function histhe only one whose limitasx — 1
equals its value atx = 1. For h we have l"ﬂ} h(x)=h().



Sometimes, lim f(x)can be evaluated by calculating f(x,).

XXy
This holds, for example, whenever f(x)is an algebraic

combination of polynomialsand trigonometric functions for
which f(x,)is defined.

Example:

a) ljng(él):él

b) xlilﬂsm) =4

c) Ln%&n(x) =3

d) ljn}(Sx—S):10—3:7

. 3x+4 —-6+4 2
e) lim = =——
2 x+5 -2+5 3

The Identity and Constant Functions Have Limits at Every Point

# If fis the identity function f(x)=x, then for any value

of xq, Iim f(x)=1lm x=x,
XXy

XXy

Iu /
1

Xo

Identity function

# If fis the constant function f(x) =k, then for any value
of xq, lim f(x)=limk=kK

X3 XX

0 o

Constant function



0, x<0
v’ The function u(x) = { ) has the following graph

s s

v
U x=<0
I, x=0

Unit step function L/(x)

The unit step function u(x) has no limitas x -0
because its values jump at x = 0.

for negative values of x arbitrarily close to zero, where
u(x)=0.For positive values of x arbitrarily close to zero, we

have u(x)=1. There is no single value L approached by

u(x)as x -0,

| ot

2

0
v The function g(x) =1 x has the following graph

gix)

g(x) has no limit as x — Obecause the values of g grow
arbitrarily large in absolutevalue as x — 0 and do not stay

close to any real number.



v’ The function f(x) =+

. has the following
sm—, x>0

graph

fix)

flx) has no limit as x — 0because the function’svalues
oscillatetoo much between +1 and -1 in every open interval

containing 0. The values do not stay close to any one number
asx —>0.



P1:

The function g(x) graphed here

Find limit or explain why limit doesn’t exist at 111]:12 g(x)
X =2



Solution:
lim

v s 29

From the graph it is clear that g(x) approaches 1 when x
approaches 2 from the right,. Also g(x) approaches 1 when x
approaches 2 from the left. Thus g(x) approaches 1 when x

approaches 2 from either side. Therefore, 11m2 g(x) exists
X

lim
d — 1.
an P, zg(:t:)



P2:

For the function f(t) graphed here.

Find limit or explain why limit doesn’t exist for the

. lim
funct t)?
unclﬂnt_}{]f()



Solution:

lim £()

t—0

s = flt)

e

1 I &
/_}_‘x —1 0 |
SR |

From the graph it is clear that f (t) approaches 1 when t

approaches 0 from the right,. Also f(t) approaches -1 when
t approaches O from the left. Thus there is no single number

L such that f (t) get arbitrarily close to L when t is sufficiently

closeto 0. There fore,
lim

. Uf(t) doesn’t exist.



P3:
lim 3x(2x — 1) =

x—=—1



Solution:

Let f(x) = 3x(2x — 1). f(x) isan algebraic polynomial and
f(—1) is defined. And
lim 3x(2x—1)=f(—-1) =3(-1)}{2(-1) -1} =-3(-3)=9

xr—r—1



P4:

lim _
T —
x — E A SILNX



Solution:

Let f(x) = x sinx. f(x) is a trigonometric function and

b4 G) is defined. And
TN T T

lim x sinx :f(—) ZE.SEH(E) :%

= 2
.'I'—!-E



IP1:

The function g(x) graphed here

Find limit or explain why limit doesn’t exist at hml g(x)
b S

Solution:

lim (a0

x—1

y = gix)

| A ——-®
/\/ g
v 3 3

From the graph it is clear that g(x) approaches 0 when x
approaches 1 from the right,. Also g(x) approaches 1 when x
approaches1 from the left. Thusthere is no single numberlL
such that g(x) get arbitrarily close to L when x is sufficiently

lim .
close to 1. There fore, x) doesn’t exist.
v 19@)



IP2:

For the function f(t) graphed here.

5

s = f(n)

' > [

AT

Find limit or explain why limit doesn’t exist for the

. lim
function t)?
L —5 —Zf( )
Solution:

lim £(0)

t— —2

s = f(n)

—

AT

From the graph itis clearthat f(t) approachesO when t
approaches —2 from the right,. Also f(t) approachesO
when t approaches —2 from the left. Thus f(t) approaches
0 when t approaches —2 from either side. Therefore,
lim : lim
t) exists and =

() I FO

t— —

Notice that f (—2) is not defines.



IP3:

I;
ximl 2X — 1

Solution:

Let f(x) =
f(—1)is deﬂned. And

32

lim = f{—1)

x=-12x — 1

3(—1)2

T 2A—1)—1

3

2(—1) -1

=i




IP4:

. COSX
lim =

Solution:

Let f(x) = ===, f(x) is a trigonometric function and f () is

1—m
defined. And
COSX COSTI —1 1

]_- = — —1= —1=
IEI}I‘]__TT f(ﬂ.'.') 1—m 1—m m—1




1) Forthe function f(t) graphed here, find the following

limits or explain why they do not exist.

(a) EII‘_I‘; f(t)
(b) lim f (2)

(c) Tim £ (2)



2) . Which of the following statements about the function
y = f(x) graphed here are true, and which are false?

¥

() lim f(x) exists
(b) lim /(x)=0
(c) Tim f(x) =1
(d) Tim f(x) =1
(e) lim £(x)=0

(f) lim f(x) exists at every point X in (-1,1)

e LW



3) Which of the followingstatements about the function
y = f(x) graphed here are true, and which are false?

-.'..
}. = __r-l: X _I

- e

T
Z\

2 o

(a) lim f(x) does not exist

(b) lim f(x)=2

(c) lim f(x) does not exist

x—l

(d) lim f(x) exists at every point X, in (-1,1)

X3y

(e) lim f(x) exists at every point X, in (1,3)

X=X



4) Find the limits of following functions.

(a) lim 2x

x—2

(b) lim 2x

x—

(c) Im (3x-—1)

x—1/3

—1
(d) lim
x-31 Jx—1



5.3

Rules for Finding Limits

Learning objectives

i) Tostate the properties of limits and to apply them to
polynomial andrationalfunctions

ii) Tostate the Sandwich Theorem
And

iii) Tofind the limits of functions by different techniques

Properties of Limits

Here we state, rules to calculatethe limits of functions that
are the arithmetic combination of functions whose limits are
known.

If LLM,c and k are real numbers and limf(x)=L and
limg(x)=M then,

1. Sum Rule: lim[f(x)+g(x)]=L+M
i.e., The limit of the sum of two functionsis the sum of their
limits

2. Difference Rule: lim[f(x)-g(x)|=L-M

i.e., The limit of the difference of two functions is the

difference of their limits.

3. Product Rule: Im[f(x)-g(x)]=L-M
i.e., The limit of the product of two functionsis the product
of their limits.

4. Constant Multiple Rule:

lim &f (x) = kL (any number k)

i.e., The limit of a constant times a function is that

constanttimes the limit of the function.



5. Quotient Rule: lim J(*) = L y M+0

X g(x) M

i.e., The limit of the quotient of two functionsis the
quotient of their limits, provided the limit of the
denominatoris not zero.

6. Power Rule: If m and n are integers, then

m m m

lim[ f(x)]" =L", provided L" is a real number.

i.e., The limit of any rational power of a function is that

power of the limit of the function

3 2
" +4x"—3
Example: Find lim l 7 =
X i ol B

Solution:

lim x° +4x* —3=lim x’ +lim4x’ —lim 3

X X3 X X
(Sum and difference rule)

—lim x° +4limx’ - 3

X—L X—L
(Constant multiple rule)

:(lim .x) +4(llm .x) -3
(Power rule or product rule)

=c’ +4c¢* -3 [-; lim x:c,lim kk)

X—=C

lim x* +5=1lim x’ +llm5 (Sum rule)

X—3C X—C

,z
:(lim x ] +1lim35 (Power rule)

X—=¢ J

;
—c*+5 |- lim x=c,lim k=k
\ x> X

. .3 2
x> +4x1-3 {!I_En'1+4“ 3

Now lim =3 uotient rule
x> xT45 ]jm x+5 @ )
3 2
¢ +4c -3 ,
— e +520
¢’ +5 ( )



Example: Find lim \/4.1:‘1' —y

x—2

Solution: lim \/4.1:‘1' —3 = |lim (4.1:‘1' —3) (Power rule)

x——12 x— 2

lim 4x° — lim 3 (Difference rule)

x——2 x— =2

4lim x°—3 (Constant multiplerule)

x—»—2

x—»—2

:\/4(—2)" =

\/ (llm .1, -3 (Power rule)




Limits of Polynomials and Rational Functions

The properties of limits simplify the computation of limits of
polynomialsand rational functions.

Limits of Polynomials
The limit of a polynomial can be found by substitution. If

p(x)=a,x"+a, x"" +---+a, then
lxu%n pHEy=aie ¥ ﬂﬂ_lc"_l +---+a, = p(c)

Limits of Rational Functions

The limit of a rational function can be found by substitution if
the limit of the denominatoris not zero. If p(x) and g(x) are

polynomialsandg(c) # 0, then

ki 2(%) _ P(©)
= g(x)  q(c)

Example:

g i 1433 i &
i X443 (D +4D-3 0

2 2 0
=1 x145 (-1)* +5 6

The above rule appliesonly when the denominator of the
rational functionis not zero at c. If the numerator and
denominatorof a rational function of x are both zero at x =,
then (x — ¢) is a common factor. Cancelingthe common
factors inthe numerator and denominator will reduce the
fraction to one whose denominatoris no longer zero at c.

When this happens, we can find the limit by substitutionin

the simplified fraction.



Example: Cancelling a common factor

)
Evaluate lim —————
x—l X —x
Solution: We cannot just substitute x = 1, because it makes
the denominatorzero. However, we can factor the

nhumeratorand denominatorand cancel the common factor

to obtain
X J:x—Z :(x—l)(x+2) :x+2j iz
X —x x(x-1) X
Thus
lime J:x—Z :limx+2 _ 1+2 g
x—l X —x x—l X ]_

Example: Creating and cancelling a common factor

o 2vn-2
Find imllaT

Solution: We cannot find the limit by substituting h = 0, and
the numerator and denominatordo not have obvious factors.

However, we can create a common factor as shown below.

\/2+k—\/§_~.;’2+k—\/§ '\{"2+.I?+\/5_ 2+h-2
h h N2+h 2 ;?(*\/2+h+'\/§)

B h
W R

1

L2rh+ 2

we have created a common factor of /2

Therefore,

an2+k—J5_ﬁm 1 - 1 1
>0 h A RAR LD fORGEE 24T




Sandwich Theorem

The Sandwich Theorem refers to a function f whose values
are sandwiched between the values of two other functionsg
and h that have the same limit L at a point c. Being trapped
between the values of two functions that approachL, the

value of f must also approach L.

2

Theorem:

Suppose that g(x) < f(x) < A(x)forall x in some open
interval containing c, except possibly at x = citself.

Supposealso that
limg(x)=limA(x)=L.
Then lim f(x)=L.

.2 3
Example: Given that 1—% < f(x) £1+% forallx =0

Find llinm )

Solution: we have,

lim[l—r} A lim[l " IJ1
x—0 4 x—0 2

The Sandwich Theorem implies that ljinﬂf(x)zl

Example: Show that if lim | f(x)|=0, then lim f(x)=0

Solution:
Since —|f(x)‘ < f(x)< ‘f(x) , and
—‘ f(x)| and | i (x)| both have limit 0 as x approaches c,

there fore, lim f(x)=0 by the Sandwich Theorem.



P1l:

limh(x) =5 111]:1 p(x) =1 and limr(x) = 2 then

x—=1 x—=1

o
M @E—rG)




Solution:

’ \/5;1@) - L]_I;I}\/ 5h(x) | 1
SAPCOE @) | mpGE —r() Lot

Jlin; 5h(x)
= (Difference and product rule)

(limp(x)) (lim(4 — T‘(l')))

x-=1 x—1

}5 i
-1\ x—=1

R (limp[x})(lim 4—lim r(x)

xX—1 X1 X—1

V5.5 5

N (1)(4.— 2) 2

) (Constant multiple rules)







Solution:

3
X2z 23— (V2)
lim = lim
xV2 x —+/2 x2 x—+/2

—2)(x* ++2x + 2
= lim (x \/_)(x ) = lim (x4 v2x 4 2)
x-v2 X — ﬁ x—/2

lim (x2+V2x+2)=2+2+2=6
X2




P3:

lim rx)-5 . . lim B
Ifxﬂ”_1 = 1,f|ndx%4f(x) =




Solution:

i 769-5 .5 lim B
Ifx e | ﬂndx B 4f(x) —
Solution:

lim flx)-5 _ 1

g e

lim g i e
x%ﬁlf(x) S_x—:ré} (x—4) i

lim f(x)-s5 lim
= X — 4
x — 4 (x—4) x—:wil(x )

= 13 t}=14)
lim lim. ..
x%i}f(x)_x%i}t—}_[}
M fx) =5

x — 4



P4:

If4- x? < g(x) < 4cosx for all x, find i glx) =
x =1



Solution:
We have 4 - x? < g(x) < 4cosx V x ER, and

it~ ¥ =% = Ldinddasc =41 =4

x—=0 x—0

. lim
By Sandwich th =4
y Sandwich theorem " Dy(;t:)



IP1:

lim

lim . .
Supposex . Df(x) — 1and Wit Ug(x) = 5. Then

2f(x)-g(x) _
= =
(flx)+7)3

limx—:-[}

Solution:

2f(x)—g (x) _ 11111 Ef[x} llmg{x}

lim,_,, (Quotient rule)

(FO+73  Em(fGI+7)3

2 llm f[x) llmg(x)
= S (Power and product rule)

(:Ll_lpﬂ §i (x)+?})

2 llm f{x} llmg[x)
= (difference and constant

(imyr o+ im)°
multiplesrule)
_ 2(1)-5 -3 -3

(1+ ?}% (1+ ?)g



IP2:

X
- Vxtd-2

Solution:

Stepl:

lim a — lim x(m + 2)

=0yx +4—-2 0(Vx+4-2)(Vx+4+2)
Step2:
lim x(Vx+2+2)

x — 0 x

Step3:

= M (r¥E+2) =4

x—0



IP3:

lim -3 . . lim B
Ifx% Y o 3, fmclx g Zf(;t:) =
Solution:

lim fl)-3 5

e

lim B R O T
- M@ -3 =" [22 G-y

lim fix)=3 lim
= b4 — 2
x — 2 (x—2) x%Z(x )

—3 X =1
lim lim ,
x%Zf(x)_x%EB_U
lim = 3

X — 2



IP4:

IfJQ— 4x? < g(x) = JQ— 3x%forall -1 = x = 1, find

xﬁ[}y(m:

Solution:

We have J@ - 4x?% < glx) = JQ— 3x2forall—-1=x =1

and,

limy9 - 4x2=+v9=3,lim+y/9- 3x2=+9 =3

x—0 x—=0

By Sandwich theorem L glx) =3
x =20



1. Evaluate

a) lm (I3 —2x” +4x+ S)

x——2

b) Iim
)h*ﬂ v3h+1+41

. t+ 3
&) tg]% t+6

: 1l . L fa@)
d) 151_1’13 F(r)=5 %1_{1;1 g(t) =—2 find ]ﬁlg D50



2. Evaluate
lim x—9
¥ —3h xZ2—25
111'[1 x2+3x—10

a)

b)x i _5 x+5
lim  x%—7x+10
c)
4 x—2
d) lim  Vx-3

x—»Y x=9



3. Evaluate
lim +3r+1-1
) h-50 &
lim +Vx2+48-3

b)x AL _]_ x+1

) lim 2-vVx2-5
€ X — _3 x+3
d) lim 4—x

a3 BeVXEED



JS(x+h)— f(x)

4. Evaluate lim for the following cases

h—0 h
45 fly=x, : gnst |
1
b. f(x)=— X2
kY
& Fey=-Jx =7

d. f(x)=+3x+1 x

|
—



a)|f\/5—2x2£f(x)£ 5—x° for —lﬂ_ixﬂlJ
find lﬂf(x)

xsinx

b) Find lim given that the inequalities
x>0 ) —cos2x
x° xsin2x
1— < <1 hold for all values of x
6 2—2cos2x
close to zero.
_ . 1—cosx . _ ",
c) Find llll}} : given that the inequalities
X—» X

1 x* 1-cosx 1
S et >— <— hold for all values of x close
z 24 X 2

to zero.



6) Evaluate

go Y= = = : ‘
a}lfl,“_ﬂ - =1, find El_ﬂf(.x)

b) If *2 X —2 find lim f(x)

x—2

o EBmZ 222 & find B %)

X3k e 2 x—2

a) i 2222 _ 10, find T 7(x)

x—l x— 1 x—l




5.5
Extensions of the Limit Concept

Learning objectives:
e Todefineright and left hand limits

e Todefinethe limitin terms of one sided limits

And

e To practice related problems.

Now we extend the concept of limit to one-sided limits,
which are limits as x approaches a from the left-hand
side(where x < a) or the right-hand side (where x > a)

only.

One Sided Limits

To have a limit L as x approaches a, a function f must be
defined on both sides of @, and its value f{x) must approach L
as x approaches a from either side. Because of this, ordinary

limits are sometimes called two-sided limits.

It is possible for a function to approach a limiting value as x
approachesa from only one side, either from the right or
from the left. In this case we say that f has a one-sided limit

X
ata. The function f(x)=-— graphed below haslimit1as x

]

approacheszero from the right, and limit -1 as x approaches

zero from the |left.



Definition

Let flx) defined on an interval (a,b) where a < b. If f{x)
approaches arbitrarily close to L as X approaches a from

withinthat interval, then we say that f has right-hand limit L

ata, and we write
Iim f(x)=L
x—oa’

Let f{x) be defined on an interval (¢, a) where ¢ < a. If f{x)
approachesarbitrarilyclose to M as x approaches a from
withinthat interval, then we say that f has left-hand limit M

ata, and we write

lim f(x)=M

hY
Forthe function f(x)=-—inthe figure above, we have

¥

lim f(x)=1 and hllul_f(x):—l

x—0

A function cannot have an ordinary limit at an endpointof its

domain, but it can have a one-sided limit.



Definition

Let flx) defined on an interval (a,b) where a < b. If f{x)
approaches arbitrarily close to L as X approaches a from

withinthat interval, then we say that f has right-hand limit L

ata, and we write
Iim f(x)=L
x—oa’

Let f{x) be defined on an interval (¢, a) where ¢ < a. If f{x)
approachesarbitrarilyclose to M as x approaches a from
withinthat interval, then we say that f has left-hand limit M

ata, and we write

lim f(x)=M

hY
Forthe function f(x)=-—inthe figure above, we have

¥

lim f(x)=1 and hllul_f(x):—l

x—0

A function cannot have an ordinary limit at an endpointof its

domain, but it can have a one-sided limit.



The symbol X —>a@ means x approachesa from the negative
side of g, through values less than a.

The symbol X —>a™ means x approachesa from the positive
side of g, through values greater than a.

Example: The domain of f(x)=./4—x* is [-2,2]; its graph

is semi-circle shown below.

-2 0

lim f(x):O,liH;f(x):O

x——2"

]

The function does not have a left-hand limitat x =—2ora

right-handlimitat x =2. It does not have ordinary two-sided
limits at either-2 or 2.



One-sided versus two-sided Limits

Afunction f(x)hasa limitas xapproachesc ifand onlyifit
has left-hand and right-hand limits there, and these one-

sided limits are equal:

lim f(x)=L < lim f(x)=L and lim f(x)=L

Example: All of the followingstatements about the function

graphedin the figure below are true.

¥y = f(x)
2+ -/'\
1 & — 8]
\ )
| | | | S
0 | 2 3 -

Atx=0

lim . f(x)=1
lim___ f(x)andlim__, f(x) donotexist. The

functionis not defined to the left of x = 0.

Atx =1

lim__ . f(x)=0 eventhoughf(l) =1

lim . f(x)=1

lim __, f(x)doesnnot exist. The right-hand and left-
hand limits are not equal.

Atx = 2

lim__, f(x)=1

lim . f(x)=1

lim__, f(x)=1even thoughf(2) = 2.

Atx =3

Im . f(x)=lm . f(x)=lim,,, f(x)=7(3)=2



Atx = 4
lim__ _ f(x)=1eventhoughf(4) # 1.

lim__ . f(x)andlim_,, f(x) donotexist. The

functionis not defined to the right of x = 4.

At every other pointain [0,4], fix) has limit f(a).

1
The function y = sin[—)has neither a right-hand nor a left-
:

hand limit as x approaches zero. This can be seen from the

following observations.

i ) 1 :
As x approaches zero, its reciprocal ~ grows without bound

andthe value of sin(1/x) cycle repeatedly from -1 to 1.
Thereis no single number L that the function’svalues stay

increasingly close to as x approacheszero. This is true even
if we restrict x to positive or negative values. The function
has neithera right-hand limit nor a left-hand limit at x = 0.

The formal definition of two-sided limits can be easily

modified for one-sided limits.



Right-hand Limit
We say that f(x) hasright-hand limit L at x,, and write

lim f(x)=L

.
Xy

if for every number £ >0 there exists a corresponding

number & > 0 such that for all x

X, <x<x,1+0 3 ‘f(x)—L‘c::s

Uil

Left-hand Limit
We say that f(x) has left-hand limit L at x,, and write

lim f(x)=L

X

if for every number £ >0 there exists a corresponding

number & > 0 such that for all x

X, —OCXCX, — ‘f(x)—L|<:£




P1)

Evaluate the left hand limit of the function

oAl i
f(;r):{x—4 ’ at x —4,
g . x=%



Solution:

e JPORETY
Given, f(x) = {x—4 ’ at x =4

0 ,x=4
If x <4thenx —4<0and|x—4|=—(x—4)

|lx — 4] gt 4]

xl—].-l-glf(x) :xl—ljgl x —4 :xl—l:ﬂl x —4

= |



P2)

142% If D=x=1

at x=1.
2—X ol X>1

F) = |

show that lim,_, f(x) does not exist.



Solution:

We have,
lim _lim 2
o = T e
= M A+ (R =1+1=2
and,
lim _lim
x_}1+f(x) _3*.','—3'1+ (Z—I)
— hhfn(z g =1
Thus lim,_ ;- f(x) = lim,_ .+ f(x)
Therefore, lim

d t exist.
Wi 1f(x) oes not exis



P3)

[ wvosx;, If =0
f(x)_{.rJrk, if x<0

constant k, given that lim,_,, f(x) exists.

. Find the value of



Solution:

We have,

lim ; :
o= limy o f(0) = lim, e+ f(2)
= lim,_y-(x + k) = lim,_ 4+ cosx
=  lim;,,_,4(0 —h+ k) = lim,;_,5cos (0 + h)

= k= limy_,gcos(h) = k=1



P4)

If f: R — Ris an odd function and if lim,_, f(x) exists.

Prove that this limit must be zero.



Solution:

Itis giventhat,f(—x) = — f(x),V x

lim,_,q f (x) exists

—

—

—

=

lim, o~ £(x) = lim,_o+ f(x)
lim,,_, £(0 — k) = lim,_, £(0 + h)
limp_o f(—h) = limy_, f(h)
limp,_o(—f(h)) = lim,_, f(h)

[~ f(x)isodd]
—limf(h) = limf(h)

2 Bm— 0= Bmg s il =0=—Tm, sl —



IP1)

Evaluate the right hand limit of the function

L B
f(l') — {x—4 : at x = 4.
0 .x=4
Solution:
|x—4]
Given, f(x) = {x—4 Lt at x =4
g .. xXx=4

If x >4thenx —4 >0and|x— 4| =(x —4)
lx — 4] o (x—4)

Ilil}mf(x)—xggl x —4 :xl—lnﬂqf x —4 =




Solution:

lim,_ ,+ ﬂai_ll} = xlfﬂ V2x .lim,_ 4+ tjj; (Product rule)
= ;E:ﬂm 1 (since l_i}mﬁ tiﬁ = 1)
- }111_1}%\/2(1 + h)
= \/ Li_:[;% 2(1 + h) (Power rule)

— 2



IP3)

mx? +n, x<0
& = nx+m, 0 = x = 1. For what values of
nx3+m, x>=1

integers m, n does the limits lim,_, f(x) and lim,_, f(x)
exist.

Solution:

1)

lim,._, o f(x) exist

=L lim,_o- f(x), lim,_,+ f (x) both exist. And
they are equal. Now,

li li
e oof@=_""

lim B
O f@ = TGk m) =

lim 2
i UI_(mx +n)

lim lim

= lpl_>0(n([]'—h)+m):h_>U(‘r1’1([)+h)2+‘ﬂ:)

. (—mh+m) =
-0

lim 2 .
b D(mh +n)=m=n

h -

Therefore, lim,._,, f (x) exists for all values of
m,n such that m = n.

2)
lim,._,; f(x) exist

= lim,_;- f(x), lim__+ f(x) both exist, and they are

equal.

Now, lim, ;- f(x) = lim,_ + f(x)

= xl_i)lig(nx +1m) = xl_i,rﬁ(nxg +m)

= hlirél(n(l —h)+m) = }{1_’11.51(11(1 + h)3 +m)
=ntm=n+m

Therefore, lim,_,; f (x) exists for all values of m,n .

Now the values of m,n for which the limits lim,_,, f(x) and

lim,_, f(x)existsis m=n



IP4)

If f:IR — Ris an even function, then prove that

lim,_, f(x) exists.
Solution:
We have, f(—x) = f(x), Vx
lim,_,o- f(x) = limp,_o f(0 — h) = limp,_yo f (—h)

= limy_o f (1) [ f(x)iseven]
= limyo (0 +h) = lim,_ g+ f(%).

Therefore lim,_,o- f(x) = lim,_4,+ f(x)

Then f is an even function



1. Which of the following statements about the function
y = f(x) graphed here are true, and which are false?

a. !illllf(x)ZI
b. ]l_%l_ f(x)=0 linnl_ Fix)—1 linul_f(x) = liT+ f(x)

ol l?l_gf(x) exists l?l_g f(x)=0 lin{l}f(x)zl

d. lim f(x)=1 lim /(x) =0

x—l

e. m f(x)=2 lim f(x) does notexist lim f(x)=0

X2 x—=>1" x—a2t



J—x e

2. let f(x)=9 x
PN x>2

a. Find lim f(x) and l]IIl f(x)

x>t
b. Does lm% f(x) exist? If so, what is it? If not, why
not?

c. Find lim f(x) and llm f(x)

x—d4"
d. Does lln}l f(x) exist? If so, what is it? If not, why

not?



3. Let f(x)=:+ 1

a. Does lim f(x) exist? If so, what isit? If not,
x—0%

why not?
b. Does lim f(x) exist? If so, whatisit? If not,
x—0"

why not?

c. Does Iim f(x) exist? If so, what is it? If not, why

x—0

not?



X x#1

a. Graph f(x)=s
J(x) i -

L

b. Find lim f(x) and lim f(x)

x—l x—1"

c. Does lim f(x) exist? If so, what isit? If not, why

x—l

not?



sin@

Limits involving

We have already noted that limy_,, sin 8 = 0 and
limg_,cos 68 = 1.

: in ¢ ; ; ;
We now, take up limg_,, %, where 6 is measured in Radian

sin 6

measure. It may be seen limg_,,—— = 1 from the following

figure
Y
/ y =302 (radians)
D37 2r—Zr 3 3w 0
The graph of f(8) = (Si;m

Notice that sin @ and @ are odd functions.Therefore

f(ﬁ)—

the y —axis (see the above fig). This symmetry implies that the

left-hand limit at O exists and has the same value as the right
hand limit:

I sin@ i— B sin@

im =1= lim

6—-0- @ -0+ @
sin 6

Therefore, limg_,,—— e 1

We prove the above result algebraically in a subsequent
module.



Example:

: . d cosx—1 a ! sin 3x
Find (i) lim _ i) lim
(i) lim,_ == (i) Tim,_ o=
Solution:
am Gaa =g . —2 SEHEIE . Siﬂg : &
(i) lim,_, =lim,_,, = —lim_,;—=.lim sin=
X (—) x—0 2
=1 k=l
(H) - sin3x B (3) sin 3x
x—0 x—0 2 3
3 - sin 3x
=-.lim
2 2 3X

Putfd = 3x.Now, 8 - 0asx — 0.

3 : sin & 3 3
=(—).11m — ey =
2] os0 @ 2 2




Finite limitsas x — +oo

The symbol for infinity (¢e) does not represent a real number.
We use oo to describe the behavior of a function when the

valuesin its domain or range out grow all finite bounds.

For example the function f(x) = i is defined forall x € R,

: L : : 1
x # 0. If x is positive and becomes increasingly large then -

becomes increasingly small. Further, If x is negative and its

: : : 1 :
magnitude becomes increasingly large then — again becomes
X

i : 1
small. Summarizing these observations, we say that f(x) = -

has limit 0 as x — +o9(orthatOisthe limit of f(x) = iat

infinity and negative infinity.)

Definition: Limits as x — oo o1 — oo

1. We say that f(x) has the limit L as x approaches infinity
and write
hm f(x)=L
if for every number €= 0, there exists a corresponding
number M such that forall x

x >M = |flx)—L] <&

2. We say that f(x) has the limit L as x approaches minus
infinity and write

lm f(x)=L

I——

if for every number €= 0, there exists a corresponding
number N such that,
x< N=|flx)—L| <€.



Thatis,

(1) liy;f(x) = L if f(x) gets arbitrarily close to L whenever

x moves increasingly far from the origin in the positive

direction.
(2) lm f(x) =L if f (x) gets arbitrarily close to L whenever

x moves increasingly far from the origin in the negative
direction.

The calculation of limits of functions as x — +e°is similar
to the one for finite limits, as discussed in the earlier
modules. Further the limits at infinity have properties

similarto those of finite limits. We have,

limk=k and liml:O

ot x>t g
Example:
a) Find lim[ﬁ +l]
= X
Solution:

11_@[5+1]:1@5+1@1
. Xy T7X (sum rule)

=5+0=5

b) Find lim ﬂ

X—— 2
X

Solution:

lim E\F

I——x -l(.- I—}— -l(.-

X —»—100
X—¥F= -l(.- X x

_rr\/_[llm ](hml] (Product rule)

—0



Limits at infinity of rational function

To determine the limit of a rational function asx — +e9o, we
dividethe numeratorand denominator by the highest power of

x in the denominator and apply the limits.

Numerator and denominator of same degree

Example:
: lim 5x%2+8x-3
Find AT
¥ — oo 3x=+2
Solution:
o . g 3
lim s5x?+8x—3  lim 5t =
Foly pa It X — oo 3+x%

(by dividingnumerator and denominator by the

highest power of x in the denominator ,i.e., x?).

Degree of Numerator less than degree of denominator.

Example:

lim 11x+2
¥ -5 oo Zxi-—1

Find

Solution:

lim Tixt2 lim x2  x3

T a

(by dividing numerator and denominatorby the highest
power of x in the denominator i.e., x3).
lim 1L .. 2
_x_>_=.=(?+ﬁ)_0+0_
~ lim TH © Feuifi
(2-)

X —> —e=




1
Considerthe function f(x) = —. Its graph is shown below.
X

-
¥ ou can get as high
ns you waant by
taking x close enough
tox 0. Mo matter how

1| high B s, the graph

ge \goes higher.
&

" . 1
b ¥ T
|

= :-----. T-{-’ f - = W

| Moy matter how
low =8 1%, the

. | graph goes lower.
% ou can got ns low .'l'h.\ E F

wou want by aking

v close enough o 0,

As X — 07, the values of f grow without bound. That s,
given any positive real number B, however large, the values

of f become larger still. Thus f has no limitas x — 0",
However, it is conventional to say that f(x) approaches e

(although there is no such number ¢2) as X —0". We write

lim f(x) = lim 1: 0

x—0" x—0" X

1
As x — 07, the values of f(x) = — become arbitrarily large
X

and negative. Given any negative real number —B, the values
of feventually lie below —B. Thus f has no limitas x — 0.
We write

1
lim f(x) = lim - =—w
—0" =0T X

The notion of infinite limit and the symbol == facilitate the
description of the behaviourof functions whose values

become arbitrarily large.



One - sided infinite limits

1 1
Example: Find lim —— and lim——

x—=1" ¥ — 1 A X —1

|
Solution: The graph of y = -

isthe graph of of y =
Xx—1

X
shifted 1 unit to the right. Therefore, the behaviour of x%

. ! 1
nearx = 1 is exactly same as the behaviour Df; atx = 0.

1 1
Therefore, |im = oo and lim
x—1" % —1 x—»1" X —1

I
I
8

We can also think: As X —> 17, we have (x—-1) - 0" and

i 1
—— >w,As X—>1,wehave (x—-1) >0 and — — —w,
x—1 X—1



Two sided infinite limits

Example: Discuss the behaviourof

i |
a) f(x)=— ,nearx=0,

X
1
b) g(x)=——, nearx=-3
(x +3)
gix) = E ,
(x+3°* 2
¥ | ||
| | 5k
’ | No matter how
Be—— high B is, the graph \ 4
|| | goes higher. | i
i I 17 '
flx) = e T ? ll | 2r
I |
|
e s o ® e Y ——’\/l R — S
x0] x -5 -4 -3 -2 -1 0
(a) (b)
Solution:

: : i o
a) As x — 0 from either side, the values of — are positive

and becomes arbitrarily large. Therefore,
1

limf(x)=lim— =0
¥—0 x—0 w
b) The graph of g(x) = — isthe graph of f(x) = iz
(x +3) %
shifting 3 units to the left. Therefore the behaviourofg
nearx = —3 isexactly sameas f(x) = xiz near x=0.
|

Therefore, lim g(x)= lim =2

x——3 x——3 (}( 2 | 3}2



Note:

; 1 ; ;
1) The function y = - shows no consistent behaviour as

1
x — 0. We have seen that = —swasx — 0" and

1 - ,
—— —oo asx — 0. In this sense we say that
X
lim
X —>

0 f (x) doesn't exist.

2) The values of the functiony = xiz approaches oo as

x — 0 from either side. In this sense we say that
lim 1

x — (=x2

Rational functions can behave in various ways near zeros of

their denominators.

Example: We considerthe limits of certain rational functions
near zeros of theirdenominators.

x-2)° . x —2) . X—2

(x—-2) . (x-2° i

a) lim— =lim————=lim——=0
-2 x°—4  =2(x—-2)(x+2) 2x+2

2] i A BT

b) lim——=lim—————=
-2 x°—4 2(x-2)(x+2) *2x+2 4

c) lim be3) :lim—(x_3} =5
x=2 X2 —4  x=2 ()(—2)()( +2)

( The values are —ve for x>2, x close to 2)

d) lim X3 iy 3
X2 )(2 —4 xsr (K—Z)(K‘I‘Z)

( The values are +ve for x<2, x close to 2)

(-3 . (x-3)

e) lim— does not exist(by c and d)
=2y -4 =2 (x—2){x+2)
2— —(x—-2 =1
L e ) T S

X—>2 (J( _2)3 X2 (K _2)3 x—s2 (X—Z)2

Precise definitions of infinite limits can also be formulated in
the same way, as we did in the previous module. Instead of
requiring f(x) to lie arbitrarily close to a finite number L for

all X sufficiently close to x,, the definitions of infinite limits

require f(x) to lie arbitrarily far from the origin.



Infinite Limits
We say that f(x) approaches infinity as x approaches x,,
and write lim f(x) = w«, if for every positive real number B

there exists a corresponding number & =0 such that for all x
D{‘x—xDHS — f(x)>B

/ | ¥ =_x)
J |

[
/ 1\

.‘.
-

o Iy X
0/ =8 N g Mg

l,-'f

/

We say that f(x) approaches minus infinity as x approaches
X,,and write lim f(x) =—x, if for every negative real

X—Ky

number-B there exists a corresponding number & >0 such
that for all x
D{‘x—xDHS — f(x)<-B

-
S,

o, . = _—
. Con Fal Xn = O 3
™, e ol ] # .r"-/

N
LN /ﬁ
\|/




P1:

Evaluate:

sin 4x

limx—rﬂ

sin 2x



Solution:

: = lim |2. . —
¥ > 0sin2x x50 4x sin 2x

PR ( Fin 4xl | [Siﬂ ZID
B . II—IJE Ax | 2X

letu = 4dxand v = 2x.Now,u — 0, v — 0asx — 0

lim sin 4x sin 4x 2x ]

sinu s s5in v
+ lim
v—=0 v

= 2. hin
w—0 u



P2:




Solution:

. siny’
lim —
x— I
Asx — 0,|x] =» 0*and |x|? = 0%
. sinx® . sin|x|[ . sinjx[
lim =lim =lhm—7Fx|x
x—{ x x—{) x x—0 ‘I

putu = |x|%. Now,u — 0 asx — 0

. sInu . sinu
=| lm % |:11111
E.E—H::'+ H 1

=0

X

X

J =1x0=0 (since lm =1 and hm

i



P3:

lim 12+22+32+4%+...4n?

n — 00 n3



Solution:

lim 12-1—22-1-32—1—42—1—----1-112:} Iim nh+1)@2n+1)

n — oo n? n — o0 6n3

lim n{n+1}{2n+1}:} lim &ﬂ)fzﬁlﬁ

—
n — oo 61 n — oo 6

1 1
- (ﬁ+1)(2+ﬁ)j g 1x2 1

n— o 6 n—so 6 3

—




P4:

hm

I—*s

x —4



Solution:

111:1:1 :

x—=2F 1:—

_l1nz1 .
2t (x—2)(x+2)

= l1n:1 1 l1n:1 1

x5 (*-:+2) x5 (‘f 2)

let x—2=u thenu—0"as x=2"

=lim , Jim , _ 111:1:1:.l — o0

0 (h4242) B0 (h+2-2) 4 ™0




IP1:

lim fan x

x50 %
Solution:

1i1‘[] tanx
x—>0 =x

lim  sinx
¥ =3 Dxcosx
lim sinx i

. lim
x—{) = +—0 CO5 X




IP2:

sin x°

lim
— I

Solution:

sin x°

lim
x—+) x

We have to convert degrees into radians and

1= - fiereloren® =
— —— therefore,x* = —
180 180
s 1]
5 S].I].I Fin T T T T
Now, h — lim ,E;E’“) e S

: i —_—
—{ X {E]_ﬂj e 180 130 130



IP3:

If == TR o it a, > 0,b,, > 0then show that

B, XM -+ by x+ by
Iim f(x)=c0 if n > m.
X—IC

Solution:

g ey Xy
flx) = Dy X -+ by x+ by

n an—1 . a1 ag On—1 aq ag
il (a?ﬁ- x i 'xn_l+x“) y—m (ﬂn+ x +m+xn_1+x“)
B — m b T ' i m b
m m—1, 1 0 1§ ! S A i SR |
X (bm-l- = =+ +xm—1+xm) (E}m—l- - + +xm_1 i om

: By Do s
As x — o0, all the quotients ”‘j.j, T
X X

approach to zero

andlimx™ " =

I—0

-~ lim f(x) =

X—00



IP4:

X
hm =
x—1T "{_‘ — 1

Solution:

X
hm s
1T _j{_‘ — 1

— lim i
=1t (x—1)(x+1)

=lim x.lim : Jim : =1 since lim : 00
B o = (‘{_‘ + ]_) x—1T (*.I[_' 1) 1T (:{ —]_)



Find the limits of
lim sinx

x — () xcos2x
lim sin (x—a)

a)

b)

X —d [x*—a*)
[il’[] tanax

C
)I — () sinbx

liﬂ'] xtxcosx

d)

x — () sinx.cosx
lim sin (x—1)
g dxF—1)

e)



Findthe limits
lim  11x®-3x2+4

a
)x 5 oo 13x3—-5x-—7

lim 3x®+4x+5

b)

X —3 002X H 37
lim 2x° —x+3

C
:II 3 — o0 X2—2x+5

lim  2x+3

X — —ooVx2-1
e) - {\/xz +ax+b—x}

X — 00
lim (3x—1)(2x+5)

¥-—y00 (X=3J3x=7)

d)

f)



iii) Findthe limits

o1
a. im —
x—0" 3_:{

b. lim 3
133 y—2

: 5.5
c. lim
x—>8 x+8

h. lim (1+csc@)

-0~



6.1
Continuity at a Point

Learning objectives:
e Tostudy the concept of continuity of a function at a point
andto present continuity test
e Tostudy the types of discontinuitiesthrough examples
And

e To practice related problems

A continuous function is a function whose outputsvary
continuously with the inputs and do not jump from one value
to another withouttaking on the values in between. Several
physical processes proceed continuously,and they are
represented by functions of a real variable and have domains

thatare intervals or unionsof separate intervals.

We study the continuity of a function at a point. There are
three kinds of points to consider: interior points, left
endpoint(s), and right endpoint(s).

Definition: continuity at a point
A function fis continuous at an interior point x = c of its
domainif

lim,,. f(x) = f(c)

Continuityatend points is defined by taking one-sided limits.

A function f is continuous at a left endpoint x = a of its
domainif

lim, .+ f(x) = f(a)
and continuous at a right endpoint x = b of its domain if

lim,,- f(x) = f(b)



In general, a function f is right-continuous at a pointx = c in
its domain iflim,_, .+ f (x) = f(c). Itis left-continuous at c if
lim,,.- f(x) = f(c).

Thus, a function is continuous at a left endpoint a of its domain
if it is right-continuous at a and continuous at a right endpoint
b of its domain if it is left-continuous at b.

A function is continuous at an interior point c¢ of its domain if

and only if it is both right-continuous and left-continuous at c.

inuity Two-sided
cﬂ.:l::ghl continuity Continuity
from — from the left

= e
y = fix)

]
]
1
]
]
|
1
|
|
C

R o
'
=

If a function f is not continuous at a point ¢, then we say that f
is discontinuous at ¢ and c is called a point of discontinuity

of f.



Types of discontinuities:

The function in (a) is continuous at x = 0.
The function in (b) would be continuous if it had f(0) = 1.

The function in (c¢) would be continuous if f(0) were 1 instead
of 2.

The discontinuities in (b) and (c) are removable. Each function
has a limitasx — 0, and we can remove the discontinuity by
setting f(0) equal to this limit.

The discontinuities in parts (d) to (f) are of different nature:
lim,_, f(x) does not exist.
The step function in (d) has a jump discontinuity: the one-

sided limits exist but have different values.
The function f(x) = = in (e) has an infinite discontinuity.
These discontinuitiesare the ones most frequently

encountered in applications. The function in (f) has an

oscillating discontinuity at the origin because it oscillatestoo
much to have limitas x — 0.



Example: A function continuous through out its domain.

The function f(x) = V4 — x2 is continuous at every point of its
domain, [—2, 2].

b

= | 0

Thisincludesx = —2, where f is right-continuous, and x = 2,
where f is left-continuous.

Example: The unit step function has jump discontinuity.
The unit step function is graphed below.

It is right-continuous atx = 0, but is neither left-continuous

there nor continuous at x = 0. It has a jump discontinuity at
x= (.

Continuity Test

A function f(x) is continuous at x = ¢ if and only if it meets the
followingthree conditions.
1. f(c)exists (¢ liesin the domain of )
2.lim,_,. f(x)exists (f hasalimitasx — c)

3.lim,_,. f(x) = f(c) (thelimitequalsthe function value)

For one-sided continuityand continuityat an endpoint, the

limits in parts 2 and 3 of the test should be replaced by the
appropriate one-sided limits.



Example:

Consider the function y = f(x), in the figure below, whose
domain is the closed interval [0, 4]. Discuss the continuity of f
atx=0.1,23 .4

Solution:
f iscontinuous at x = 0 because f(0) exists and

lim,_q+ f(x) = 1 = £(0).

f is discontinuous at x = 1 becauselim,._,; f (x) does not exist;

f has different right- and left- hand limits at the interior point

x = 1.However, f isright continuousatx = 1 because f(1)
exists, lim_;+ f(x) = 1, and this equals the function value.

Note thatlim, ,+ f(x) = 1, lim,_,;- f(x) = 0. There fore
x = 1lisa point of discontinuity and it is a jump discontinuity

f is discontinuous at x = 2 because lim,._, f(x) = f(2).

Therefore x = 2 is a removable discontinuity, by setting
lim, ,, f(x) = 1.

f is continuous at x = 3 because f(3) exists, lim,_,5 f(x) = 2,

andthis is equal to the function value.

f is discontinuous at the right endpoint x = 4 because

limx—:d-_ f(x) 7 f(4)



P1:
Examine the continuity at x = 0, 1, 2 of the function f defined

d5

.;_I:
flx)= |4x*—3%, 1ex«?2




Solution:
The behavior of f(x) at x = 0:
lim,_ o+ f(x) =lim,_,+(5x — 4)

= lim;,,,(5(0 + h) — 4) = lim;, ,, bh— 4 = —4
lim,_,o- f(x) = lim,_,o-(—x)

= limy_,0 —(0 — h) = lim;_,oh =0
= f(x) isdiscontinuousatx = 0 and x = O isa jump
discontinuity of f (x).

Continuityat x = 1:
lim, + f(x) =lim,_+(4x* — 3x)
= lim,,_,,(4(1 + K)? — 3(1 + h))
= lim,,,o(4h* + 5h+ 1) =1
lim, ;- f(x) =lim, ;- (5x — 4)
= limy,,5(1 —h) —4=1
Further, f(1) =1
A i gl = lim,_ .+ f(x) = f(1)

= f(x) is continuousatx = 1
Continuity at x = 2:
lim, ,+ f(x) =lim, ,+(3x +4) = 10
lim,_,- f(x) =lim,_,-(4x? — 3x) =10
Further, f(2) = 3(2) + 4 =10

s limy - f(x) =lim,_,+ f(x) = f(2)

= f(x) is continuous at x = 2



P2:

Discuss the continuity at x = 1 for the following:




Solution:

From the given graph k(x) isdefinedatx = 1land k(1) =0
i —k(x) = 1.5

im, .+ k(x) =0

im,_,;- k(x) # lim,_, .+ k(x)

Thus, k(x) isdiscontinuousatx =l andx = lisajump

discontinuity.

Butlim,._,+ k(x) = 0 = k(1). Therefore k(x) is right
continuous atx = 1.




-
Examine the continuity of

| x|

fix) = {?’ =0 Lithe origin.
1l:;: xXx=1



Solution:

The given function is

2, x#0
f(x) = £ x
\ 1 i X — D
; B |x|
N'DW: hmx—:ﬂ_l' f(x) o lmx—rﬂ_l_ ?
i |0+ h _
— l]ﬂ]h_,ﬂ 0+h — l h—0 h 1
Ix|
lim,..o- f{x) =lim, .o~
Iﬂ il . h

= f(x) isdiscontinuousatx = 0 andx = Oisa jump
discontinuity of f(x).



P4.
x*—10x+25
I f(x) - x2—7x+10

find the value of f(5).

for x #+ 5and fis continuous at x = 5. Then



Solution:

The Given function is

a0 ?h  Ge—5¥x—T)  {x-h)
flx) = x2—7x+10  (x—2)(x-5) (x-2)’

e =g

_ _ (x—5) : (5+h—5)
llﬂll.._,5+ f(;":) = llmx—15+ {i—z} - [11'[]}1_,.[} (5+h—2) -
_ : (x—5) . (5—h—5)
lim, 5~ f(x) = lim,._,5- [z—z} = im0 o) =

~ lim, 5 f(;‘{) =4

Given f(x)is continuousatx = 5

= lim, 5 f(x) = f(5) = 0 =f(5)
% fay=1



IP1:
The function f given by

%(f—at) if0<x<2

0 =2

4
x) = .
() 2—8x— if e o2

Discuss the continuity at x = 2. Name the discontinuity if itis

discontinuous at x = 2.

Solution:
The Given function is

%(f—ﬂr) if0<x<2
feo =1 v
TGy ifxs2

Now, lim, ,+f(x)= lilgl+(2 — 8x73)
X —
— ].imh_,ﬂ(z e 8(2 -+ h)—S)
. 8
= limy (2 - 3+12h+6h2+h3) =4
lim, o~ (@) = lim 5 (x* — 4)

= limy0; (2~ )* ~ )

= limy,_o 5 (—4h + h?) = 0
= f(x) is discontinuityatx = 2andx = 2isajump
discontinuity of f (x).




IP2:
Discuss the continuity at the end points of the following:

-1'..
-

y = glx)

b P §

Solution:
Stepl:
Notice that g(—1) exists, and g(—1) = 0.5 and
lim,,_ .+ g(x) =0.5.
Now lim,_,_ .+ g(x) = g(—1).Since x = —1 isthe left end point,
g(x) is continuous at x = —1.
Step2:
Now, lim,_3- g(x) =1 and g(3) = 1.5

= lim,,3- g(x) # g(3)
Therefore g(x) is discontinuous at x = 3

(since x = 3isleft end point)

Note:
x = 3isa removable discontinuity by redefining g(3) as
lim, ,3- g(x)i.e., 1.



IP3:
Discuss the continuity of f(x) = [x]

Solution:
The given function is f(x) = |x]. y = |x] is graphed below

4 _ -—
y=intx
2L or :
y=lal
7 - —
- e—0
l
| | | | e
—1 l 2 3 4
FrA—
—_— 2

f(x) is discontinuous at every integer because the limit does
not exists at an integer n

lim, . -[x]=n—1
And
lim,  +[x] =n
So the left hand limit and right hand limit are not equal as
e i
Since |n| = n, the greatest integer function is right continuous
at every integer n.
Therefore, the greatest integer function is continuousat every
real number other than the integers.



IP4:

If f(x) =
Then find the ualue of f(3).

fur:t' + 3 and f(x)is continuous at x = 3.

Solution:
Stepl:
The given function is
fliy= x°—=9 _ (x+3)(x—3) _ (x+3)

2 97 o {:j:.‘+1:]'[:x 3:]. - [:x'—I--l:}r X F 3
_ _ (x+3) (3+h+3) _ 3
l]ml._,g"' f(:'{'f) — hmx—:3+ (x+1) = lim Mp 0 (3+h+1) r E
(x+3) : (3-n+3) 3
lim,_,3- f(x) = llmx_ﬂ [x+1) = limy, g 3—n+1) 2

» limy 3 fx) = 3

Given f(x) is continuousatx = 3

= lim,3 f(x) = f(3) = = f(3)
~f(3) =2



1. The function

"=

x° -1 —-1<x<0
2x f<x<1
Flri=:1 ¥=1
—2x+4 | - et
0 2<x<3

isgraphed below.

a. Does f(—1) exist?

b. Doeslim,_, + f(x) exist?

c. Doeslim, + f(x) = f(—1)?
d.Is f continuousatx = —1?

e. Is f defined atx = 2?

f. Is f continuousat x = 2?



sSIn2x

if x+0
2. Isfunction f defined by f(x) = =* continuous
1 i =4

atx = 0.



3. Check the continuity of f given by

i o2 if x<10

x=5 if 8=<x <1

f(x):-d-ﬁlxz—i?' if 1< x <2 atthepoints0,1and 2.
x4 i x =22




i1

Jr -1

:5—3x i -2<xx<1
4. If f is function defined by f (x) = A "= then

if x<-—2

kx—ID

discuss the continuity of f.



=00 L =




6. At what points are the functions continuous?
1

3. J:ZI_E—SI
by g x+1
V=P At

c. ¥ :|.r —]]+ SIN X

sin X

d. y=

: ¢
e. 1=csc2x

_Xtan x
LR x*+1
g. _}’:\f2x+3

h. }1 s (ZI s 1J1.3



6.2

Rules of Continuity

Learning objectives:

e Tostate the properties of continuousfunctions.

e Tostudy the continuity of polynomials, rational functions,
absolutevalue function and trigonometric functions.

e Todefine the continuous extension of a functionto a
point.
And

e To practice related problems.

Algebraiccombinations of continuousfunctions are continuous

wherever they are defined

Theorem: Continuity of Algebraic Combinations

If functions fand g are continuous at x = ¢, then the following
functions are continuous at x = c:
1.f+gandf—g

2.1g
3. kf , where k isany number

4. ;;, provided g(c) # 0

5 (f(x))g, m and n are integers, n # 0.

As a consequence, polynomialsand rational functions are

continuousat every point where they are defined.



Theorem: Continuity of Polynomials and Rational Functions

Every polynomial is continuous at every point of the real line.
Every rational function is continuous at every point where its

denominator is different from zero.

Example: The functions f(x) = x* + 20 and g(x) = 5x(x — 2)
are continuous at every value of x. The function

x¥420
r(x) = S5x(x—2)

is continuous at every value of x except x = 0 and x = 2,
where the denominatoris 0.

Example: Continuity of f(x) = |x|
The function f(x) = |x| is continuous at every value of x.

3_
y=-x y=x

2_
1=

S S | | .
- -2 -1 0] 1 2 3

If x > 0, we have f(x) = x is a polynomial.
If x < 0, we have f(x) = —x is another polynomial. Finally, at

the origin, lim,_,|x| = 0 = |0].

Example:
We will later show that the functions sinx and cos x are
continuous at every value of x. It then follows that the

quotients

sin x COS X
tanx = CoLx ——
COS X sinx
1
SeCx = CSCX — —
COS X sin x

are continuous at every point where they are defined.



Continuity of Composites:

Theorem:

If f is continuous atc, and g is continuous at f (c), then the

composite gofis continuous at c.
el

Continuous at ¢
f 1
-
/ﬁ-pm""‘“ Continuous
at¢ \ at fle)

fie) B flc))

The continuity of composites holds for any finite number of
functions. The only requirement is that each function be

continuouswhere it is applied.

Example: The followingfunctions are continuouseverywhere
on their respective domains.

a)y =+vx

b)y =vxZ—2x—5

2
x cos| x3

B g g
—2
di 3= |5

Continuous Extension to a Point

If f(c) is notdefined, butlim,_,. f (x) = L exists, we can

define a new function F (x) by the rule

_ (f(x) ifxisinthe domainof f
Bl = { L if =i

The function F is continuous at x = c. Itis called the
continuous extension of fto x = c. For rational functions f,

continuousextensions are usually found by canceling common

factors.
Example:
2 e
Show that f(x) == :x ® has a continuous extension to
xo—4
x = 2, and find that extension.
Solution:
Notice that f (2) is not defined. If x # 2, we have
_ aHx=6 [x-2)xt3)  x43
flx) = x2—4  (x-2)(x+2) xt2
The function
x+3
F(}C) = m

is equal to f (x) for x # 2. It is continuous at x = 2, having the
value of 5/4. Thus F is the continuous extension of f to x = 2.
The graphs of f and F are shown below.



P1;
If the functions [ and g are continuousatx = cthenf t+ g

are continuous at x = c.



Proof:
Given f and g are continuous functionsatx = ¢
i.ghm... flx) = f(c)andlim....g{x) = glc)
Now, lim.(f + g)(®) = lim,.(f (&) + g(x))
= lim, . f(x) +lim,, . g(x)
(sum rule for limits)
= f(c) +g(c)
(since f, g are continuous at ¢)
= (f +9)(c)
Therefore, f + g is continuous atx = c.
Similarly f — g is continuous atx = c.

Hence the result



P2:
Every rational function is continuous wherever it is defined.



Proof:

p(x)
q(x)’
polynomials. Let ¢ be any real number such thatg(c) # 0.
Then,

Let the rational function be == , where p(x) and q(x) are

. lim,._, . .
L % = lizx EZEE ( Quotient rule for limits)
S
_p(9)
q(c)
(since polynomialsare continuouseverywhere)
Therefore, qg is continuous atx = ¢. Thus every rational

functionis continuous wherever it is defined.
Hence the result



P3:
Prove that the function f(x) = ‘1 —x + |.I'” is continuous

everywhere.



Solution:
The given functionis f(x) = ‘1 —Xx + |x|‘
Definegbyg(x) =1—x+ |x|and h by h(x) = |x|, for all
real x.
Now,
(hog)(x) = h(g(x))
=h(1—x+ |x]|)
= ‘1 —x + |x|‘
= f(x)
Since |x| is a continuous function for all x, h(x) is continuous
everywhere.
Since g(x) is a sum of a polynomial function and the modulus
function, g(x) is continuous everywhere.
Since f(x) is a composite of two everywhere continuous
functions g(x) and h(x); f (x) is continuous everywhere.



P4.

2+3t—10 . .
Show that h(t) = : +t_t2 has a continuous extension to

t = 2, and find that extension.




Solution:

“+3t—10 . .
LT  Notice that h(t)is not

The given function is h(t) =

defined att = 2. If £t # 2, we have
t*+3t—10 t+5)(t—2
h(t) = i—2 [ t}—[E }
let H(t)=t+ 5and H(t) = h(t)att + 2.
Since H(t) is a polynomial; H(t) is continuousatt = 2 and has
thevalue 7 att = 2.
Thus, H(t) is the continuous extension of h(t) tot = 2 and

lim,_, h(t) = 7

=t-F5




IP1:
Every polynomial is continuous at every point ¢ of the real
line.
Proof:
Let p(x) = qg + @y x + ayx?* + -+ a,x", where q;€R ,
i =0,1,2,..,n,a, # 0 be any polynomial. Let ¢ be any real
number. We know thatlim,.,. x = candlim,_ .k = k.
Therefore,
lim,_. p(x) =lim,_(ag + a;x + a,x? + -+ a,x™)

= lim,.,.ay + a; lim,_,.x + a,(lim,._, . x)*

+ -+ a,(lim,,.x)
(By the properties of limits)

= ay + a;c + a,c? + -+ a,c"

= p(c)
Thus p(x) is continuous at every c € R.

n

Hence the result



IP2:
Prove that sin x, cos x are continuous everywhere.
Proof:
We first note that
lim,_,sinx = 0andlim,_ycosx =1
Let f(x) = sinx. Let ¢ be any real number. Then,
lim, .+ f(x) = limy,o £ (c + h)
= limy,_,¢ sin(c + h)
— lim;,_p sinc cosh + lim;,_,5 coscsinh
— sinc lim;,_,5 cosh 4+ cosclim,_,sin h
— §Inc¢
lim,, .~ f(x) =limy_o f(c —h)
= lim;,_,4 sin(c — h)
= lim;,_,g sinccosh — lim,_,5 coscsinh
= sinc limy,_,5cosh — cosclim;,_sinh
— sinc
— lim,_ +sinx = lim,_,.-sinx = sinc
= lim,_, . sinx = sinc. Therefore, sin x is continuous at c.
Thus, sin x is continuous everywhere (since c is any real
number).

Similarly cos x is continuous everywhere.



IP3:
Show that the function defined by f(x) = |cosx]| is a
continuous function.
Solution:
Stepl:
The given function is f(x) = |cosx]|
Step2:
Define g by g(x) = cosx and h by h(x) = |x|
(hog)(x) = h(g(x))
= h(cosx)
= |cos x|
= f(x)
Step3:
Notice that h and g are continuous everywhere. Since f is the
composite of two functions g and h; f is continuous

everywhere.



IP4:
x4—16

5 has a continuous extension to
x=—3x—4

Show that g(x) =

X = 4. Find that extension.
Solution:

Stepl:

: g _ x*-16
The given function is g(x) = T T

Step2:

At x = 4, g(x) is not defined. If x # 4 we have
x*-16  (x+4)(x—4) x+4

x2-3x—4 (x—4)(x+1) x+1
x+4

Let, G(x) = — and G(x) =g(x)atx + 4

gx) =

Since (G(x) is a rational function with denominator not

vanishing atx = 4; G(x) is continuous at x = 4 and has the
8
valuegatx = 4,

Step3:

Thus, G is the continuous extension of g to x — 4 and

L L R e



1. Find the limits. Are the functions continuousat the
pointbeing approached?
a.lim,.__sin(x — sinx)
b.lim,,_,; sec(y sec’y —tan‘y — 1)

= T
c. lim COS ( , )
t=0 J19—3 sec 2t

d.lim,_, sin (g cos(tan t))

1
2 T : o
e. lim,_, tan (1 COS (smxz))

f. limx_%\/cnsgx + 5v/3tanx



2. Findthe continuous extension of
2

a.(x) = 1__: tox =3
b.f(s) = zz:tﬂ 5= 1

c. g(x) = Ii;z tox =4
d. h(t) = “Ef:mj tot = 2

o f by

Yo ——3



W

3. For what value of a | :{x
or what value of a is f (x) - G5 g

continuous at every x.



4. Given that the function f defined by
2t —1 ifx > 2
fix) =4k if x =2 iscontinuous at
xZ—1 if x =2
every x. Then find the value of k.



X 5
5. For what valuesof b is g(x) = {bxg i;x ~ 7

continuous at every x.



6. Prove that the function f(x) = \/1 +2x + 1is

continuous atx = 2.



7. Prove that the function g(x) = cos(3t + 4) is

continuousat every real number.



6.3
Continuity on Intervals

Learning objectives:
e Todefine continuity of a function on its domain.
e Tostudyintermediatevalue theorem and its applicationto
assert the existence of a zero of a function.
And

e To practice the related problems.

A function is called continuous if it is continuousevery where in
its domain.

A function that is not continuousthroughout its entire domain
may be continuouswhen restricted to particularintervals
withinthe domain.

A function fis said to be continuous on an interval I in its
domain if lim,_,. f (x) = f(c) at every interior point ¢ and if
the appropriate one-sided limits equal the function values at
the endpoints.

A function continuous on an interval I is automatically

continuous on any interval contained in [.

Polynomialsare continuous on every interval, and rational

functionsare continuouson every interval on which they are
defined.



Example: Functions continuouson intervals

-_| Y o= "J'E — Jf
f\ )
-2 0 2
{a) Contingous on [=2, 2] {b) Continuous on (—oe, () and (0, =)
¥ ¥
1
¥ = Liz) ¥ = COS X
I
. P
4]
.
0]

{¢) Continuous on (—ee, 0) and [0, =) {d} Continwous on {—==, &)

Functionsthat are continuouson intervals have properties that
make them particularly useful in applications. One of these is
the intermediate value property.

A function is said to have the intermediate value property if
whenever it takes on two values, it also takes on all the values

in between.



Theorem: The Intermediate Value Theorem

Suppose f(x)is continuous on an interval I, and aand b are
any two points of I. Then if y, is a number between f (a) and
f(b), there exists a number c between a and b such that

f(e) = yo.

The function f, being continuous on [a, b], takes on every value
between f(a)and f(b).

The proof of the Intermediate Value Theorem depends on the
completeness property of the real number system.

The continuity of fon I is essential to the theorem. If fis
discontinuous even at one point of f, the theorem does not
apply. For example, it will not apply for the function graphed
below.

y=|xj,
1= . b=x=<1

The function f(x) = [x],0 = x = 1, does not take on any value
between f(0) = Oand f(1) = 1.



The above theorem is the reason for the graph of a function
continuous on an interval I cannot have any breaks. It will be
connected, a single, unbroken curve, like the graph of sin x.
It will not have jumps like the graph of the greatest integer

function [x] or separate branches like the graph ofi.

We call a solution of the equation f(x) = 0 arootorzero of
the function f. The Intermediate Value Theorem tells the
following:

If f iscontinuous, then any interval on which f changes sign

must contain a zero of the function.

Example:Is anyreal number exactly 1 less than its cube?
Solution: Any such number must satisfy the equation
.
K=

fg, g 1 =1

Hence we are looking for zeros of f(x) = x3 — x — 1. By trial,
we find that f(1) = —1and f(2) = 5.Then, by the
Intermediate Value Theorem, there is at least one numberin

[1,2] where fis zero. The answer to the question is then “yes”.



P1:

—2sinx, fﬂr—nixi_?
- =ik T
If f(x) =< asinx+ b, for R
Y[
COS X, for Eixin

Is continuous on [— 1T, '.TI], then find the values of a and b.



Solution:

Since f is continuous on [— IT, ﬂr] , it is continuous at

—=IE T
¥ —=—and x =—
7 2

Now, f is continuous at x = ?ﬂ"
= lim,_, m- f() =lim,_, . () = f(- )
= lim___=(—2sinx) =lim___=(asinx + b)

2 2
= —2sin(—2) = asin(—2) +b

= 2=—a+b=2
=3 =l =& wesancf 1)

Again f is continuous atx = g
1 1 T
= llmx_}@_ ) — 111171:,‘:___%5r fle)= f(E)
= lim__z(asinx +b) =lim__ zcosx = cosg
N 2
— asing + b= msg

=3 A= s [ 2)
Solving equations (1) and (2), weget a =—1,b =1



P2:

Examine the continuity in the interval (—o9, o0) of the function
defined as follows

2 ;  if XE(—eu 0
f(x) = 1+ cosx , 1f xe | )

)

¥

-

| J

T

2+(I—E)E, if xe

| H



Solution:
When x € (—e2,0), we have f(x) = 2. Itis a constant function

and so is continuous on (—o2,0).
When x € [D, g), we have f(x) = 1 + cosx. Clearly, it is

continuouson its domain.
Wh T 5 h s 2 T 2 S e
enxe [5, ), we have (x) = 2 + (x _E) .Sinceitisa
polynomial, it is continuous on G, W).
Therefore, the function f is continuous everywhere except
possibly at = D,g.
Firstly we considerx = 0
Now,
;}H{I}L i) :JLI%]]_I_(]_ + cosx) = LI_I)I;I)(l + cos(0 + h))
= limy,_,o(1 +cosh)=1+1=2
(~ lim;,_,gcosh = 1)
limx—:()_ f(x) . limx—JD_ & =
Further, f(0) =14+ cos0=1+1=2
limx—>0+ f(.X) = limx—:ﬂ_ f(x) = f(D)

Thus, f is continuous at x = 0.

Now, we consider x = g, we have
2
lim .t flx) = lim n+(2+ R )
x(3) x(3) ( 2)

2
== ].imh_,ﬂ(z s 3 hZ) —
limx_)(g)— f(x) = limx_)(g)—(l + cosx)

= limh_,ﬂ (1 + cos (g = h))

== limh_,ﬂ(l = sin h)

=1+0=1 (v limy,_gsin h = 0)
~ lim (E)+ flx) =+ limx—:[ﬁ)_ f(x)

Thus, f is discontinuous at x = g

Therefore, f is continuous on (—W,g) U (g, w)



P3:

Show that the function x> — 15x + 1 = 0 has three solutions
in the interval [—4, 4].



Solution:

Let f(x) = x> — 15x + 1. Clearly f(x) is continuous on [—4,4].

Now, f(—4) = (—4)®> —-15(—4)+1=-3<0

f-1D)=(C-13*-15(-1)+1=15>0

fD=1)P-15(1)+1==13<0
fA)=04)>-154)+1=5>0

By the intermediate value theorem, f(x) = 0 for some x in

each intervals (—4,—1),(—1,1) and (1,4).

i.e., x>—15x + 1 = 0 hasthree solutions in [—4,4]



P4.

The function f is defined by f(x) = 2x®> — 5x* — 10x + 5.
Prove that f(x) has at least one zero in [0, 1].



Solution:

The Given function is f (x) = 2x° — 5x2 — 10x + 5.

Since all polynomial functionsare continuous everywhere;

f (x) is continuous every where.

By trial we see
f(0) = 2(0)> —5(0)2—-10(0)+5=5 >0
f()=2(D°—-5(1)*—-10(1) +5=-8 <0

By the intermediate value theorem there exists a number

cin (0,1) such that f(c¢) = 0. Thus, the function f (x) has at

least one zero in [0,1].



IP1:
x> +ax+b forO0=x<2

If f(x) =4{3x +2 for 2=x=4
2ax + 5b for 4 <x <8
is continuous on [0, 8], then find the values of @ and b.
Solution:
Stepl:

Since f is continuous on [0,8], itis continuous at x = 2
and x = 4
Step2:
Now, forx = 2
limyo- £ () = lim,_+ f(x) = £(2)
= lim,,-(x2 + ax + b) = lim__,+ (3x + 2) = 3(2) + 2
=4+ 2a+b=28
—2a+b=4ur(1)
Step3:
Now forx = 4
lim, 4~ £() = lim,_ ¢+ £(x) = F(4)
lim,. .~ (3x + 2) = im,,,+(2ax + 5b) = 3(4) + 2
S S = T )

Stepd:
Solving (1) and (2), wegeta = —1,b = 6.



IP2:
Show that the function
X, A iz
f(x)={1, if 1=x<+2 jscontinuous on [0, x).
xz—z = V2<x <o
Solution:
Stepl:
When 0 < x < 1, we have f(x) = x2. Since it is a polynomial,
it is continuous on [0,1).
When 1 = x < /2, we have f(x) = 1. Since it is a constant
function, it is continuous on (1,/2).

;A .
When /2 < x < o0, we have f(x) = —- Since it is a rational

function and x% # 0 in the defined domain, it is continuous
on (\/E, 00).
We have to prove f(x) is continuous on [0, o) it is enough to
prove f is continuousatx = 1 and x = /2.
Step2:
Atx =1,
lim, .+ f(x) = lim,,_, ;+ x2
= lim; (1 + )% =1
lithigq= () =l 1= 1
Further, f(1) =1
 limy g+ £G6) = lim, g+ F() = £(1)
Thus, f is continuousatx = 1.
Step3:
Atx =+/2,
limx_’(ﬁf flx) = limx—;(ﬁf’ (xiz)
2
(VZ+n)®
Iimx_,(ﬁ}— filx) = limx_)(ﬁ)-(l) =1
Further, f(ﬁ) —4
2 lim, o5y f() = lim, 5y f(x) = f(v2)
Thus, f is continuous at x = V2.
Step4:
Therefore, f is continuous on [0, «)

— ].imh_,() = 1



IP3:

Show that the function F(x) = (x — a)*(x — b)? + x takes

a+b
(th) for some value x.

on the value

Solution:

Stepl:

The given functionis: F(x) = (x — a)*(x — b)? + x.

Without loss of generality, assume that a < b.

Then,F(a) = a and F(b)=b

Step2:

By the intermediate value theorem we have: If f continuous on
la, b], then it takes every value between f(a) and f(b).

: +b :
Since a < aT < b, there is a number ¢ between a and b such

that F(c) = a;—h.



IP4:
Prove that the function f(x) = x® + x* — 4 has at least one
zero in the interval (1, 2).
Solution:
Stepl:
The given function is: f(x) = x> + x? — 4.
Since all polynomial functions are continuous everywhere, f (x)
is continuous everywhere.
Step2:
Now,
f(D=1*+12-4=-2<0
f2)=22+22-4=8 >0
Step3:
Therefore, by intermediate value theorem there exists a
number ¢ in (1,2) such that f(¢) = 0.Thus, the function f(x)
has at least one zero in (1,2).



1. If the function f, defined by
kxt1l if—e<sx=<]
f(x)_{xg—l if l1l=x =m0

on |[—1,2]. Then find the value of k.

is a continuous function



2. Find the values of a and b so that the function f(x) defined
x + av2sinx ,ifl]-f_ix:::g

by i) =& 2xcogx b ,ifg{_ix{g,

= i T
dcos2x—bsinx  if ;i_ix < T



3. Discuss the continuity of f(x) = V16 — x2.



4. Discuss the continuity of the function f(x) =

interval (2,5).



5. Find the interval in which the function f(x) = Vx +42x —1
Is continuous.



6. Explain why the equation x — cosx = 0 has at least one

solution.



7. Show that P(x) = 2x3 — 5x% — 10x + 5 has a zero some

where between - 1 and 2.



8. Showthatx® —x + 1 = 0 hasa zero in the interval [—2,0]



6.4

Tangent Lines
Learning objectives:

e Todefinethe tangentto a curve at a pointon the curve
andto find it.
And

e To practice the related problems.

Tangent to a Curve

From the geometry, we know the tangents to circles. A line L is
tangentto a circle at a pointP if L passes through P and is
perpendicularto the radius at P. Such a line just touches the
circle.

The following statements are valid.

1. L passes through P and is perpendicularto the line from P
to the center of C.

1. L passes through P and is perpendicularto the line from P
to the center of C.

2. L passes through only one point of C, namely P.

3. L passes through P and lies on one side of C only.



These statements may not apply consistently for more general
curves. Most curves do not have centers, and a line we may
want to call tangent may intersect C at other pointsor cross C
atthe point of tangency.

L mwets C only at P L b tangent 1o O at P bt ! L is tamgent o C ai P but lies on
bl i ot tangent to meets 0 seversl podnia two sides of C, crossing C st P

To define tangency for general curves, we take into account the

behavior of the secants through P and nearby points Q (on C)
as Q moves toward P along the curve.

The procedure is as follows:

1. We calculatethe slope of the secant PQ

2. Investigate the limit of the secant slope as Q approachesP
alongthe curve.

3. If the limit exists, we take it to be the slope of the curve at

P and define the tangent to the curve at P to be the line
through P with this slope.



Example: Find the slope of the parabola y = x? at the point
P(2,4). Write an equation for the tangent to the parabola at this
point.

Solution: Considerthe secant line through P(2,4) and
Q(2 + h, (2 + h)?) nearby.

Ay 2+h)2—22  hP+4h+4-4  hZ+4h
Secant slope = — = 2R) = = —h+ 4
Ax h h h

If h > 0, Qlies above and to the right of P, as in the figure

y=x Secant slope is Lﬁh_":h-!-a#
Q@2 + hk, (2 + B?)
;l/ Tangent slope = 4

Ay = (2+ hP? -4
P2, 4) \
_,-6‘{: Ax=4a | )

ol 77/ 2 2+ h

below.

NOT TO SCALE

As Q approachesP alongthe curve, h approaches zero and the

secant slope approaches4:
l.imh_,ﬂ h T 4‘ — 4

We take 4 to be the parabola’s slope at P. The tangent to the
parabola at P is the line through P with slope 4. The equation
of the tangent to the parabola at P is,
y=4+4(x—2) Point-slope equation
=y =4x — 4



Finding a Tangent to the Graph of a function
We use the same procedure to find a tangentto an arbitrary
curve y = f(x)ata point P(xg, f(x)). We calculate the slope

of the secant through P and a point Q(xy + h, f (xy + h)). We
then investigate the limit of the slope as h — 0.

flxo+h)—f(xg)

The tangent slope is lim;,_,, . If the limit exists, we

callit the slope of the curve at P and define the tangentat P to
be the line through P havingthis slope.

Definitions

The slope of the curve y = f(x) at the point P(x,, f (x,)) is the

number

flxg+h)—f(x5)
h

The tangent line to the curve at P is the line through P with this

m = ].imh_,ﬂ

slope.



Example
a) Find the slope of the curve y = = Gtx=1a+x0

X

b) Where does the slope equal —1/47
c) What happensto the tangent to the curve at the point

/]
(-‘JL —) as a changes?
a

Solution

a) We have f(x) = i The slope at (a,é) is

limy_,o ﬂm}ﬁ_ﬂaj = limy,_,o 224
.3 1 a—(a+h)
— R aerny
— 7 B
LS T
-1
aZ

b) Given the slope is —1/4. Therefore,

= =ik
=i =y at=4 —=a=2 -2
a

The curve has slope —1/4 at the two points (2,1/2) and

(=213,



Rates of Change

The expression
flxgth)—flx,)
h
is called the difference quotient of f at x,. If the difference

quotienthasa limit as h approacheszero, that limitis called the
derivative of f at x,.

If we interpret the difference quotient as a secant slope, the
derivative gives the slope of the curve and tangent at the point
where x = Xx;. If we interpret the difference quotient asan
average rate of change, the derivative gives the function’s rate
of change with respect to x at the pointx = x,.

Example

A rock falls from the top of a 50 m cliff. Physical experiments
show that a solid object dropped from the rest to fall freely
near the surface of the earth will be y = 5t2 m during the first
L sec.

What is the rock’s speed att = 1 sec?

Solution:

flty=5c
The rock’s speed at the instantt = 1 secis

2l 2 2
lim,,_,, f[1+hi f@ _ lim,, ., 5[1+h}h 5(1)

2
— ].imh_,n @ — ].imh_,ﬂ S(h 5 2)

= 10 m/sec

We note that the following statements refer to the same thing:

1. Theslopeofy = f(x) atx = x,
2. The slope of the tangenttoy = f(x) at x = x,
3. The rate of change of f(x) with respectto x atx = x|

4. The derivativeof f at x = x,

filxgtrh)l—flxg)
h

5. lim,_,



Vertical tangents:

We say that the curve y = f(x) has a vertical tangent at the
point x = x, if
Flath)=Flxg)

limy,_,g - — o0 Or —oo

1

1) Consider the function y = f(x) = x3. Its graph is shown

below.
0 e
|
At x =1);
1
limy,_9 fmmi_f[ﬂ) = limy, o —{h);_ﬂ = limy g Lz —

(h)3
So, there is a vertical tangentatx = 0.

2
2) Consider the function y = g(x) = xz. Its graph is shown

below.
f’
At =)
2
limy,_,q ER-a limy,_,g e limy,_,g L1
h h (hy2

The limit does not exist, because the limit is oo from the right
and —oo from the |eft.

So, there is no vertical tangent atx = 0.



P1:
Find the slope of the curve y = 1 — x% at x = 2.



Solution:

The given curveis: y = 1 — x2. At x = 2 we have

y =1 — 22 = —3. Then the point P(2, —3) is on the given
curve.

We know that the slope of the curve y = f(x) at the
point P(xgy, Vp) is
—— limhﬁﬂ f[xn+h;_ffxu}
The slope of the curve y = 1 — x? at the point P(2, —3) is
fQ2+h)—f(2)
h

(1-(2+h)*)—(—3)

h
—h(4+h)

h

Slope of the given curve at x = 2 is —4.

mnm = limh;},ﬂ

— 11Mp_0

— My 50




P2:

Find the equation for the tangent line to the curve
y = (x — 1)%? + 1 at the point P(1,1).



Solution:
The given curveis: y = (x — 1)? + 1. The point P(1,1) ison
the curve.
We know that the slope of the tangent to the curve y = f(x)

at the point P(xg, Vo) is

flxg+h)—f(xp)
h

The slope of the tangent to the curve y = (x — 1) + 1 at the
point P(1,1) is

. = limh%ﬂ

[(1+h—1)2+1]-[(1-1)2+1]
h

nl = [imh_,D

) h®+1-1 )
— llmh%[} > — l]mh_,ﬂ h — D

Equation of the tangent line to the given curve at P(1,1)
having slopem = 0is
y—1)=0x—-1) = y—1=0



P3:

Find the equation of the straight line having slope ithat IS

tangent to the curve y = /x.



Solution:

Given that the slope of the tangent to the curve y = v/x is

i 1
m = —.
4

We know that slope of the tangent to the curve y = f(x) is

at (x,vVx)

3 (x+h)—F(x 1 ) Vx+h—Jx
‘m:llmhﬁﬂf - e (R Ezllmhﬁﬂ

1 . -u'x+h—-n.,E 1,fx+h+1,ff§

— — = llmhﬁﬂ e
4 h vx+h+yx

i | S Bin x+h—x
4 e h(vx+h+yx)

— 1 —1lim z g
4 0 4 2/x

Now,x =4 = y= V4 = 2 and the equation of the

tangent line at the point (4,2) and having slope% is

y—ZZE(x—f—i) = x—4y+4=0



P4.:

What is the rate of change of the volume of a ball(V = gm“g)

with respect to the radius when radius isr = 2.



Solution:

Volume ofthe ballV = f(r) = girr’r'3

We know that the rate of change of f (x) with respect to x at
X = Xqg s
fleg+h)—f(x0)
h
The rate of change of f (r) with respect to the radius r

= lim;,_o

atr=2is
F(2+h)—F(2)
h

“n(2+h)*—n(2)?

h
“n(8+h*+6h%+12h—8)

h

“n(h?+6h%+12h)
\ h

limy, o

— llmhﬁﬂ

— llmh_}ﬂ

— l]mh%[}

= gn(12) — 167

The rate of change of the volume of a ball with respect to the

radius when radiusisr = 2 isl1ém



IP1:

Find the slope of curve y = E atx = 0.

Solution:
Stepl:

I
r—i‘r—t

. . & f
The given curve is: y = % Atx = O we have, y = =

Now, the point P(0, —1) is on the given curve.
Step2:

We know that the slope of the curve y = f(x) at the
point P(xy, Vo) is

- limhﬁ.g flxg+h)—f(xg)

h

The slope of the curve y = i—j at the point P(0,—1) is

h
: (h—1)—(h+1)
— ].]mh_:,u
h(h+1)
= Hm T e lim o
h—0 h(h+1) h—0 449

Step3:
Slope of the curve given curve atx = 0O is 2.



IP2:
. , . 1
Find the equation for the tangent line to the curve y = — at

2
the point P(—1, 1).

Solution:
Stepl:

The given curveis: y = xiz The point P(—1,1) is on the curve.
Step2:
We know that the slope of the tangent to the curve y = f(x)

at the point P(xg, yp) is

flxg+h)—f(x)
h

m = limh%ﬂ

1 :
The slope of the tangent to the curve y = = at the point

P(—1,1)is
1 . 1
i il limhﬁﬂ {_1+h}2h e
- —(—2h+h?
et e gy
— 13 Z2—h
Step3:

Equation of the tangent line to the given curve at P(—1,1) with
slopem =2 is
y+1=2x—1) = 2x—y+3=0



IP3:
Find the equation of the straight line having slope 2 that is

tangent to the curve y = x? — 2x + 3.

Solution:

Stepl:

Given that the slope of the tangent to the curve
y=x%—-2x+3ism=2

Step2:

We know that slope of the tangent to the curve y = f(x) at
(x,x? —2x+3)is

flx+h)-f(x)
h

m = ].imh_}ﬂ

[(x+h)2—2(x+h) +3] —[x% —2x+3]

— 2 — limh%ﬂ
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Now,x =0 = y=0?2-2(0) +3 =3

Step3:
The equation of the straight line at the point (0,3) and having
slopem =2is

y—3=2x—-0) = 2x—y+3=0



IP4:
2 1

Verify whether the curve y = x3 — (x — 1)3 has a vertical

tangentat x = 1.

Solution:
2 1

The given curveis: y = x2 — (x — 1)a.

We know that the curve y = f(x) has a vertical tangent at
et
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Therefore, the given curve has a vertical tangentatx = 1.



1. Find the slope of the curve at the pointindicated.

a.y = hx?, s e |
b.y:i, x=3
¢.¥ = 5t —dx, x =4

dy=x*—-x+1, x=2
e.y=x>—-3x+2, x=3



2. Findthe slope of the function’s graph at the given point.
Thenfind an equation for the line tangent to the graph

there.
g fxy=%"+1, 25)
b. g(x) = —, (3,3)
Gt} =1 (2,8)

df(l') — \/E: (412)

e. f(x) =x—2x%, (1,-1)
f. glx) = (2,2)

;
2

g. h(t) =t3>+3t, (1,4
h.f(x)=+vx+1, (83)



3. Find an equation for the tangent to the curve at the given
point.
a.y—=4—x" (—1,3)
b.y = 2v/x (1,2)
= (—2,—8)

d.y=— (-2-3)



4. At what points do the graph of the function has horizontal
tangents?
a.f(x)=x2+4x—1
b. f(x) = x*—3x



a. Doesthe graph of

e T
x°sm— x+0
iy~ e5n’
0 2t ]
have a tangent at the origin? Give reasons for your
answer.,

b. Doesthe graph of
0 x<10

e {1 x=0
has a vertical tangent at the point (0,1)? Give reasons

for your answer.
c. Doesthe graph of

—1 x <0
fiEy=t B ¥=9
1 3 e ol §

has a vertical tangent at the origin? Give reasons for

VYOUTr answer.



6. Verify whether the curve has a vertical tangent at the

pointindicated.
2

&y = ¥s ¥ =0
1

b,y =35, K==}
2

c. y = 4xs — 2x, =l

1 1

dy=xz4+(x—1), x=1



7. Find equations of all lines having slope =1 that are tangent
tothecurvey =1/(x — 1).



8. An object is dropped from the top of a 100-m-high tower.

Its height aboveground after t secondsis 100 — 4.9t% m.
How fast is it falling 2 sec after it is dropped?



9. At t sec after liftoff, the height of a rocket is 3t *ft. how
fast the rocket climbing 10sec after liftoff?



10. What is the rate of change of the area of a circle
(A = nr?) with respect to its radius when the radius

5y —= 3



